Inspired by the quantum McKay correspondence, we consider the classical ADE Lie theory as a quantum theory over sl2. We introduce antisymmetric characters for representations of quantum groups and investigate the Fourier duality to study the spectral theory. In the ADE Lie theory, there is a correspondence between the eigenvalues of the Coxeter element and the eigenvalues of the adjacency matrix. We formalize related notations and prove such a correspondence for a more general case: this includes the quiver of any module of any semisimple Lie algebra g at any level ℓ. This answers an old question posed by Victor Kac and a recent comment by Terry Gannon.
Introduction
In ADE Lie theory, the action of the Coxeter element on the root system has periodicity equal to the Coxeter number n c . Its eigenvalue is e k2πi nc , for some k ∈ Z nc , and k is called a Coxeter exponent. On the other hand, the eigenvalues of the adjacency matrix of the ADE Dynkin diagram are given by e kπi nc + e −kπi nc , where k is an exponent with the same multiplicity.
McKay found a correspondence between subgroups of SU (2) and the ADE Lie theory [31] . Kac asked the question, whether this correspondence of exponents for the ADE quivers can be generalized beyond SU (2) theory in Terry Gannon's talk at MIT around 1994 [22] . Gannon commented in his lecture at the Shanks workshop at Vanderbilt University in 2017, that if such a correspondence exists, then it should work for all quivers of modules over quantum sl n , and it may even be true over any semisimple Lie algebra g at level ℓ [11] . For such quivers, Ocneanu proposed a quantum analogue of roots and Coxeter elements in [36, 37] . The case for ADE quivers over quantum sl 2 has been established by Kirillov and Thind in [26, 27, 28] . In this case, the quantum notions are identical to the classical ones in ADE Lie theory. See §2 for further review of the background.
We prove such a correspondence for a more general case, including the quiver of any module of any semisimple Lie algebra g at any level ℓ ∈ N. This answers positively the question of Kac and Gannon. We formalize and generalize the notions of adjacency matrices, quantum roots, quantum Coxeter elements and quantum exponents. We apply Fourier duality to diagonalize the actions of the adjacency matrices and the quantum Coxeter element simultaneously. Then we find the correspondence between their eigenvalues based on common eigenvectors.
Kac also observed a correspondence between the diagonal of the sl 2 modular invariance and the Coxeter exponents as discussed in [5] . Kac and Gannon asked for a generalization of this correspondence over a semisimple Lie algebra g at level ℓ as well. We hope to answer this question in the future.
In this paper, we mainly use Lie groups and subgroups to study the notions related to affine Lie algebras or quantum groups. This is an attempt to understand the connection between McKay correspondence and quantum McKay correspondence. We focus on the spectral theory using Fourier duality.
Main results: Let g be a semisimple complex Lie algebra such that it is the complexification of the Lie algebra k of a simply-connected compact Lie group K. Let t be a Cartan subalgebra and T = {e H |H ∈ t} be the maximal torus in K. Let c ∨ g be the dual Coxeter number, W f be the fundamental weights, ρ be the Weyl vector, W be the weight lattice and R be the root lattice, W be the Weyl group, and R a be the sublattice of R generated by {θ(r + )|θ ∈ W }, where r + is a highest positive root. Take Z(g) = W /R and n z = |Z(g)|.
The exponential map H → e 2πH is an group isomorphism t/R ∼ = T . Therefore the mapˆ: k →k given bŷ k(e H ) = e 2πi k,H , is well defined on e H ∈ T . The Fourier transformˆis a group isomorphism from W to the dual of the abelian group T .
For any level ℓ ∈ N, take the quantum Coxeter number n c = c
We call W ℓ = W /n c R a the weight torus. We define its Fourier dual T ℓ as a finite subgroup of T , which admits a Weyl group W action. Let W ℓ and T ℓ,0 be the corresponding subsets of element off the Weyl mirrors. Take an alcove C ℓ containing W f and Spec ℓ to be the fundamental domains of W ℓ and T ℓ,0 subject to the Weyl group action respectively. Let L 2 (T ℓ,0 ) W be the Hilbert space of antisymmetric functions with respect to the Weyl group action and the measure is a Haar measure. We introduce a multiplication ⋆ and an involution * on L
W , and prove that { χ k , k ∈ C ℓ } form a Z(g)-graded fusion ring R ℓ isomorphic to the that of the semisimple irreps of g at level ℓ. Therefore, we call the antisymmetric function χ k an ℓ-character. Moreover, the C * algebra L 2 (T ℓ,0 ) W is isomorphic to the Verlinde algebra, so we call it the ℓ-character Verlinde algebra. In particular, the fusion coefficients of representations can be computed from the inner product of ℓ-characters:
B k , and each
We introduce quantum Dynkin diagrams for the N basis. In this paper, we mainly consider the general case K = C. We prove that for any common eigenvector v ∈ V of {Π w } w∈W f , there is a e H ∈ Spec ℓ , such that
where χ is the Weyl character. Therefore we call Spec ℓ the spectrum of R ℓ and e H the spectrum of v. We define the multiplicity m Π of e H to be the dimension of the corresponding eigenspace in V . Furthermore, we lift the spectrum from Spec ℓ to T ℓ,0 and define the corresponding eigenspace
The Fourier dual of E ℓ is
For any Z(g)-graded ONB B of V , define the quantum root r k,α = |T ℓ |P H ℓ δ k,α , for k ∈ W ℓ and α ∈ B −k . Define the quantum root system QR B = {r k,α |k ∈ W ℓ , α ∈ B −k }. The quantum root space H ℓ,0 is spanned by QR B .
Let ϑ j , j ∈ W ℓ be the translation on W ℓ and the induced action on H ℓ is
We prove that if f is a common eigenvector of the translations, then
for some e H ∈ T ℓ,0 . We call e H the spectrum of f . For any intermediate subgroup A of R a ⊂ W ℓ , we define its Fourier dual
where t A = {H ∈ t| r, H ∈ Z, ∀r ∈ A}. We define the multiplicity m A of e H to be the dimension of the common eigenspace in H ℓ of the translations {ϑ j } j∈A with spectrum e H . We prove that, for any e H ∈ T ℓ,0 ,
is translation invariant for A. We define the multiplicity m A,0 of e H to be dimension of the common eigenspace in H ℓ,0 of the translations {ϑ j } j∈A with spectrum e H . Then
For any θ ∈ W , the order of θ(r + ) in the group W ℓ is the quantum Coxeter number n c . So the translation ϑ θ(r+) has periodicity n c , and we call it a quantum Coxeter element. Then QR B is invariant under the action of quantum Coxeter elements {ϑ θ(r+) } θ∈W . We define the exponent map Φ :
We call Φ(e H , θ) the quantum exponent of the quantum Coxeter element θ(r + ) at spectrum e H . We call {Φ(e H , ·) : W → Z nc |e H ∈ T ℓ,0 } the set of quantum exponents. We define the multiplicity of the quantum exponent Φ(e H , ·) for the action of {ϑ θ(r+) } θ∈W on H ℓ,0 as
In particular, if g is a ADE Lie algebra, then T Ra = T R . We have
When g = sl 2 and G is an ADE Dynkin diagram with Coxeter number n c = 2 + ℓ, ℓ ∈ N. Let G v be the set of vertices with a Z 2 grading. Take Π w = ∆ G , where w is the fundamental weight of sl 2 . Then Π w extends uniquely to a Z(g)-graded unital *-representation Π acting on V = L 2 (G v ). The quantum root system QR Gv and the quantum Coxeter element ϑ r+ coincide with the classical ones in ADE Lie theory, which is proposed by Ocneanu in [36] and proved by Kirillov and Thind in [28] . The Coxeter exponent k corresponds to the quantum exponent θ → ε(θ)k, θ ∈ W and ε(θ) = ±1 is the sign.
Suppose g is a semisimple Lie algebra, ℓ ∈ N. If G is the quiver of a module category of quantum g at level ℓ, then its adjacency matrices define a Z(g)-graded unital *-representation Π. Therefore our results also hold for these quivers.
Background
It is well known that the semisimple Lie algebras are classified by Dynkin diagrams as their underlying symmetry. The construction from Dynkin diagrams to Lie algebras was given by Chevalley. The simply-laced Dynkin diagrams are the ADE Dynkin diagrams and one can obtain the others from an orbifold construction of the ADE ones.
In 1980, McKay found a one-to-one correspondence between subgroups of SU (2) and the affine ADE Dynkin diagrams [31] . The affine Dynkin diagrams appeared as the quivers of the irreducible representations (irreps) of SU (2) tensoring the standard representation. Mckay correspondence relates subgroups of SU (2) and ADE Lie theory.
Around 1968, Kac and Moody studied infinite dimensional Lie algebras, known as Kac-Moody Lie algebras, see [20, 33, 21] . The type A ℓ+1 Dynkin diagrams appeared as the quivers of the semisimple irreps of the affine Lie algebra sl(2) at level ℓ. In 1983, Jones classified the indices of a subfactor N ⊂ M, an inclusion of von Neumann algebras with trivial center [17] :
For each ℓ, he constructed a subfactor with index 4 cos 2 π 2+ℓ , whose principal graphs, namely the quiver of bimodules, is the A ℓ+1 Dynkin diagram. The A ℓ+1 Dynkin diagram also appeared as the quiver of semisimple irreps of the Drinfeld-Jimbo quantum group U q sl 2 , q = e πi 2+ℓ [16, 6] . The correspondence between the two representation theories is given in [18] . Wassermann found another conceptual connection between subfactor theory and representation theory of quantum groups in conformal field theory [40] . The correspondence between representations of affine Lie algebras and representations of quantum groups is given by Kazhdan and Lusztig in [25] . The A ℓ+1 Dynkin diagram appeared as a cutoff of A ∞ . This is a general phenomenon also known as the Wess-Zumino-Witten cutoff [43, 34, 41, 42] .
In 1987, Cappelli, Itzykson and Zuber classified the modular invariance of quantum sl 2 at level ℓ by ADE Dynkin diagrams with Coxeter number 2 + ℓ [5] . They considered the ADE Dynkin diagrams as quivers of "subgroups" of quantum sl 2 . In 1988, Ocneanu outlined the A n , D 2n , E 6 , E 8 classification of the principal graphs of subfactors with index less than 4 in [35] and he considered the corresponding subfactors as subgroups of quantum sl 2 . The proof is given in [12, 1, 14, 15, 23] . This is also a classification of subfactors due to Popa's reconstruction theorem [39] . See the survey paper [19] for more details. All ADE Dynkin diagrams appeared as the quiver of the generating N − N bimodule M acting on irreducible N − M bimodules. A corresponding categorical formalization of module categories and the classification has been done by Kirillov and Ostrik with independent proofs in [24, 38] . The correspondence between ADE subfactors and modular invariance is given by Böckenhauer, Evans and Kawahigashi based on α-induction [30, 44, 2, 3] . The ADE classification related to quantum sl 2 has become known as the quantum McKay correspondence.
Inspired by Chevalley's construction and McKay correspondence, one can consider the ADE Lie theory as a mathematical theory over sl 2 . It turns out to be natural to study the notions in Lie theory over quantum sl 2 and other quantum groups. In this direction, Zuber introduced generalized Dynkin diagrams over sl n at level ℓ and a generalization of Coxeter element and Coxeter exponents in [45, 46] . Many examples of generalized Dynkin diagrams appeared in conformal field theory, see the book of Di Francesco, Mathieu, and Sénéchal [9] .
Ocneanu reformulated the generalized Dynkin diagrams as the quivers of modules of sl n at level ℓ and proposed a classification for sl 2 , sl 3 and sl 4 in [36] . There he also suggested a construction of ADE root systems over quantum sl 2 as follows: Take an ADE Dynkin diagram G as a bipartite graph and let ε :
where N · ·,· is determined by the dimension of a hom space in the corresponding module category. Moreover, N · 0,· is the identity, N · 1,· is the adjacent matrix of G, and the others satisfy the following recursive relation:
Then the set Z 2nc × Z2 G v with the inner product is the root system of G and the action of the Coxeter element is (i, x) → (i + 2, x).
Kirillov and Thind considered Z 2nc × Z2 G v as a Auslander-Reiten quiver and gave combinatorial construction of the ADE Lie algebra based on this quiver in [26, 27] . Moreover, they constructed a 2-periodic derived category whose simple objects are Z 2nc × Z2 G v , and N · ·,· are given by the dimension of certain hom space in [28] . In Theorem 12.2, they proved the bijection between roots and Coxeter element defined on Z 2nc × Z2 G v and the classical ones in Lie theory.
Zuber's motivation for studying his generalized Dynkin diagrams arises from conformal field theory [45, 46] . Many examples of module categories come from conformal embeddings in conformal field theory, and the quivers of module categories can be computed using modular invariance [30, 44, 2, 3] . It would be interesting to compute those modular invariances and the corresponding quivers in closed forms. A new type of Schur-Weyl duality for quantum subgroups was introduced in [29] . This provides new methods to compute the quivers of module categories without knowing the modular invariance.
For the sl 3 case, Gannon classified the modular invariance in [10] . The classification of quantum sl 3 modules was proposed by Ocneanu in [36] and proved by Evans and Pugh in [7] . Recently Evans and Pugh classified modular invariances and module categories for SO(3) 2m in [8] .
Preliminaries
Let g be a semisimple complex Lie algebra, that is the complexification of the Lie algebra k of a simplyconnected compact Lie group K. Let t be a maximal abelian subalgebra of k, and let T be the Lie subgroup of K whose Lie algebra is t. Then h = t + it is a Cartan subalgebra of g. Denote by ·, · an inner product on g such that it is invariant under the adjoint action of K and taking real values on k. Let n − 1 be the rank of g.
Denote the set of roots of g by R. Let H r be the coroot of r for g. Denote by R the Z-linear space spanned by {H r : r ∈ R}. For any r ∈ R, we denote by θ r the reflection θ r (k) = k − k, H r r for any k ∈ t. Let W be the Weyl group of g generated by the reflections θ r (k). For any θ ∈ W , we denote by ε(θ) the sign of θ. Let R s = {r 1 , . . . , r n−1 } be the set of simple roots in R. Any root r = n−1 j=1 k j r j with k j ∈ N is a positive root. The set of positive roots is denoted by R + . Let r + be the highest positive root, namely r + + r is not a root for any r ∈ R s . We assume that the inner product ·, · is nomalized such that r + , r + = 2.
j=1 a j is the Coxeter number of g and c
is the dual Coxeter number. We denote by R the root lattice, which is Z-linear space spanned by simple roots, i.e.
Let W f = {w 1 , . . . , w n−1 } be the set of fundamental weights, such that w j , H r k = δ j,k for any 1 ≤ j, k ≤ n − 1. Denote by W the Z-linear space spanned by the fundamental weights. Then W is the weight lattice of g, and W is an additive group. The root lattice R is a subgroup of W . Define the quotient to be Z(g) := W /R and denote its order by n z = |Z(g)|. It is known that W /R is isomorphic to the center Z(K) of Lie group K. Let C be the closed fundamental Weyl chamber of W , i.e.
For any k ∈ C, we denote by W(k) the weight diagram of the irreducible representation with the highest weight k. The Weyl vector ρ is the sum of fundamental weights, i.e. ρ = n−1 j=1 w j . For any k ∈ C, we denote V k the irreducible representation of K with highest weight k. Let χ k be the character of the Lie group K associated to
For any k ∈ C and H ∈ t, the Weyl character formula states
θ∈W ε(θ)e i θ(ρ),H . For a level ℓ ∈ N, let n c = c ∨ g + ℓ be the quantum Coxeter number. Let R a be the subgroup generated by θ(r + ), θ ∈ W and let R ℓ be n c R a . For any k ∈ W , define a translation ϑ k on W by
Then the set {ϑ k } k∈W is a free abelian group. For a level ℓ ∈ N, the affine Weyl group W is generated by the Weyl group W and the translation ϑ ncr+ . The translation subgroup W t of W is given by {ϑ r |r ∈ R ℓ }. Then W = W t ⋊ W . The alcove C ℓ is defined as
Let U ℓ (g) be the quantum g at level ℓ. Its irreducible representations are indexed by the elements in C ℓ − ρ.
Then the fusion rule of the corresponding irreducible representations V k , V j of U ℓ (g) is (WZW-cutoff):
where ε(θ) = ±1 is the sign of θ.
A fusion ring A is a ring over Z with a basis {x 0 = 1, x 1 , . . . , x m } such that
1.
2. There exists an involution * on {0, 1, 2, . . . , m}, such that N 0 ij = δ i,j * , and it induces an antiisomorphism of A, x * k := x k * and
Fourier duality
In Lie theory, the exponential map H → e 2πH is a group isomorphism t/R ∼ = T . Therefore the Fourier transformˆ: k →k, given byk
is well defined on e H ∈ T . The mapˆis a group isomorphism from W to the dual of the abelian group T . The weight lattice W is the dual of the coroot lattice R:
The following result is well-known in Lie theory:
The weight lattice W is a free abelian group. Let A be a subgroup of W , then A is a free abelian group.
Definition 4.1. When W /A is finite, we define the dual lattice of A in t as
Define the corresponding subgroup of T as
By the duality of lattices, we have the following result:
Proposition 4.2. For any r ∈ t, r ∈ A iff r, H ∈ Z, ∀H ∈ t A . Proof. If k ∈ A, then by the definition of T A , we havek(e H ) = 1, for any e H ∈ T A . Soˆis well-defined from W /A to the dual of T A . Conversely, for any k ∈ W , ifk(e 2πH ) = 1, ∀ H ∈ t A , then k, H ∈ Z. By Proposition 4.2, k ∈ A. Soˆis injective. Suppose that f is a character of T A . Then f (e H ) = e i k,H , for some k ∈ t. For any H ∈ 2πR, we have e H = 1 ∈ T A . So f (e H ) = 1 and k, H ∈ 2πZ. By the duality between the lattices W and R, we have k ∈ W . So the mapˆis surjective. Thereforeˆis a group isomorphism from W /A to the dual of the abelian group T A .
For any ℓ ∈ N, consider the case A = R ℓ = n c R a . Definition 4.4. The subgroup t ℓ of the free abelian group t is
The quotient group W ℓ := W /R ℓ is a weight torus.
Corollary 4.5. The mapˆinduces a group isomorphism from W ℓ to the dual of the abelian group T ℓ .

Corollary 4.6. The order of the group T ℓ is
functions on T ℓ with Haar measure. Recall that W ℓ and T ℓ are dual to each other. For any
Then F is a unitary transformation:
For any g ∈ L 2 (T ℓ ), the inverse Fourier transform
W be the space of all anti-symmetric functions on W ℓ :
For any g ∈ L 2 (T ℓ ) and θ ∈ W , we define θ(g) as θ(g)(e H ) = g(e θ −1 (H) ) for any e H ∈ T ℓ . Definition 4.9. Let L 2 (T ℓ ) W be the space of all anti-symmetric functions on T ℓ :
Proposition 4.10. We have
Proof. Suppose f is an anti-symmetric function in L 2 (W ℓ ). Then for any e H ∈ T ℓ and θ ∈ W ,
.
5 Anti-symmetric ℓ-characters
We say e H ∈ T ℓ is in a mirror if it is in M (T ℓ ) := {e H ∈ T ℓ | e θr(H) = e H , for some r ∈ R}. Furthermore,
Note that the Weyl group W action fixes M (T ℓ ) and M (W ℓ ), so it also fixes W ℓ,0 and T ℓ,0 . Moreover, the action of W is transitive on each orbit in W ℓ,0 and T ℓ,0 . Recall that the alcove C ℓ is defined as
In affine Lie algebras, it is known that C ℓ is a fundamental domain of W ℓ,0 under the action of W .
Remark 5.2. If the Lie algebra g = sl n , then |C ℓ | is the binomial coefficient
|C ℓ | = n c − 1 n − 1 .
Definition 5.3 (ℓ-characters). For any
where δ k is 1 on k and 0 elsewhere. Then
We define the ℓ-character χ k to be the restriction of χ k on T ℓ,0 .
Proposition 5.4. The function χ is anti-symmetric on W ℓ and T ℓ , namely, for any
Proof. By the definition of χ, it is anti-symmetric on W ℓ . By Proposition 4.10, χ is anti-symmetric on T ℓ .
Corollary 5.5. If k is in a mirror, then χ
Proof. By Proposition 5.4, if θ r (k) = k for some r ∈ R, then
and we obtain χ k = 0. For any k ∈ W ℓ and e θr(H) = e H for some r ∈ R, we have
and hence χ k (e H ) = 0.
Theorem 5.6. The set {|W |
By the definition of χ and Proposition 4.10, {|W |
Corollary 5.8. The set of multiples of ℓ-characters
Note that χ ρ is the restriction of the Weyl denominator on T ℓ . The following result is well-known in Lie theory:
for any e H ∈ T ℓ . Consequently, one has the following result:
Recall that χ is the restriction of χ on T ℓ,0 .
Definition 5.10. We define the multiplication ⋆ of χ k and χ j for any k, j ∈ W ℓ to be
Then χ ρ is the identity under this multiplication. Recall that the fusion coefficients of the representations of g is given in Equation (2).
Definition 5.11. For k, j, s ∈ C ℓ , define the fusion coefficientÑ
Remark 5.12. By Equation (3), the fusion rule of representations of quantum g at level ℓ is given by
The last equality uses the anti-symmetry established in Proposition 5.4, χ s ′ = ε(θ) χ s , when θ ∈ W and θ(s
Recall that r 1 , · · · , r n−1 are simple roots in R. Then {−r 1 , · · · , −r n−1 } is also a set of simple roots. So there is an element Ω ∈ W , such that Ω(ρ) = −ρ. Moreover, Ω(C ℓ ) = −C ℓ . Remark 5.14. If the Lie algebra g is sl n , we have for any k ∈ C ℓ , ε(Ω) = (−1)
Then it is well defined on W ℓ , and ρ * = ρ.
For any k ∈ W ℓ , by the definition of χ and its anti-symmetry, we have
The involution * on C ℓ induces an involution on L 2 (T ℓ,0 ) W :
Proof. By Corollary 5.8 and Theorem 5.13, for any k, j ∈ C ℓ , Note that {χ w |w ∈ W f } is a multiplicative basis of the fusion ring of Weyl characters, so { χ w+ρ |w ∈ W f } is a multiplicative basis of R ℓ . Remark 5.20. As a consequence of Theorem 5. 13 , one see that R ℓ is isomorphic to the fusion ring of semisimple irreps of quantum g at level ℓ. Therefore one can consider the ℓ-characters as the characters of those irreps. The corresponding *-algebra is known as the Verlinde algebra.
Proof. By Equation (6), we have
As a consequence,
W with the multiplication ⋆, and involution * .
Definition 5.22. We call the
W the ℓ-character Verlinde algebra.
GUS-Representations
Recall that the fusion ring R ℓ of g at level ℓ has a Z(g) = W /R grading, and χ j ∈ R ℓ is graded by j − ρ ∈ Z(g). Moreover, { χ j } j∈C ℓ is a basis of R ℓ and { χ w+ρ } w∈W f is a multiplicative basis of R ℓ . called a Z(g)-graded , unital, *-representation, abbreviated as GUS-rep, if for any χ j ∈ R ℓ , k ∈ Z(g), the following three properties are satisfied:
A quiver G consists of a set G v of vertices, a set G e of oriented edges, a function s : G e → G v giving the start of the edge and another function t : G e → G v giving the target of the edge.
Definition 6.3.
A quiver G is g-graded if there is a grading map ε, ε : G v → Z(g) and ε : G e → W f , such that for any e ∈ G e , it is true that ε(s(e)) + ε(e) = ε(t(e)) in Z(g). Moreover, the adjacency matrix ∆ w , w ∈ W f is defined as a matrix acting on G v , whose α, β entry is the number of edges graded by w from β to α.
Definition 6.4 (Quantum Dynkin diagrams)
. Let G be a g-graded quiver and ℓ ∈ N. We call G a quantum Dynkin diagram over g at level ℓ, if there is a Z(g)-graded unital *-homomorphism Π :
Proposition 6.5. If G is a quantum Dynkin diagram, then the *-homomorphism Π is unique.
Proof. For any w ∈ W f , the adjacency matrix Π w = ∆ w is determined by G by definition. Since { χ w+ρ |w ∈ W f } is a multiplicative basis of R ℓ , Π is uniquely determined by G.
Acting on this basis, we have the regular reprensentation
It defines a full quantum Dynkin diagram: Definition 6.6 (Type A quantum Dynkin diagrams). For any semisimple Lie algebra g and level ℓ, we define the type A quantum Dynkin diagram A ℓ (g) as follows:
(2) For any w ∈ W f , the multiplicity of the edge from j to s graded by w isÑ s w+ρ,j . Remark 6.7. If G is the quiver of a module category [38] of quantum g at level ℓ, then it is a full quantum Dynkin diagram over g at level ℓ. The category of semisimple representations of quantum g at level ℓ is a modular tensor category. The type A quiver is obtained from the action of the modular tensor category on itself.
Now let G be a quantum Dynkin diagram over sl 2 at level ℓ. In this case G becomes a Dynkin diagram and Π( χ 2 ) is the adjacency matrix for G. Proof. If G is an ADE Dynkin diagram, then they are quivers of modules of quantum sl 2 . So they are quantum Dynkin diagrams over sl 2 at level ℓ, and ℓ + 2 is the Coxeter number of G.
If G be a quantum Dynkin diagram over sl 2 at level ℓ, then Π 1 is the adjacency matrix of the bipartite graph G. By Theorem 7.4, any eigenvalue of Π 1 is e πi ℓ+2 t − e − πi ℓ+2 t , for some t ∈ Z 2(ℓ+2) , t = 0 and t = ℓ + 2. So Π 1 < 2. Therefore G is an ADE Dynkin diagram, a well known result. Moreover, R ℓ is determined by Π 1 , so ℓ is determined.
We prove the results in the rest of the paper for any GUS-rep of R ℓ for any semisimple Lie algebra g at any level ℓ ∈ N. In particular, they are true for any quantum Dynkin diagram over g at level ℓ. This provides a general theory in the study of quantum Dynkin diagrams.
Spectrum of representations
In this section, we investigate the spectral theory of a GUS-rep Π of R ℓ defined in Definition 6.1. We give an explicit construction of the spectrum of the regular representation Π A in T . We prove that the spectrum for a GUS-rep Π is contained in the spectrum of the type A quantum Dynkin diagram. For any e H ∈ T ℓ,0 , let δ e H be the delta function at e H . For any k ∈ C ℓ , define
So Λ e H is a common eigenvector of Π A ( χ k ) with eigenvalue χ k−ρ (e H ). Note that Λ e θ (H) = ε(θ)Λ(e H ), so C(Λ e H ) is a well-defined eigenspace for e H ∈ Spec ℓ . The Weyl character χ k−ρ is symmetric, so it is also well-defined on e H ∈ T ℓ,0 /W .
Lemma 7.2. For any e H , e
This defines a group action of T R on L
where W(k) is the weight diagram of k ∈ C, and m k is the multiplicity function.
be the Fourier transform in Equation (4) . Then for any w ∈ W f , we have
is
Proposition 8.7. The Fourier transform F ⊗ I is a unitary transformation from
Proof. It follows from Lemma 8.4 and Definitions 8.1 and 8.5.
Therefore H ℓ and E ℓ are Fourier dual to each other.
Theorem 8.8. For any k, j ∈ W ℓ and α, β ∈ B, we have
Proof. For any e H ∈ Spec ℓ , B(e H ) is an eigenbasis of the eigenspace in L 2 (T ℓ,0 ) W with spectrum e H . Then
By Proposition 8.7, 
Corollary 8.11. For any j ∈ W ℓ and ξ ∈ L 2 (B), we have
Definition 8.12 (Quantum root space). The quantum root space is
The quantum root spheres are given by the set
For any Z(g)-graded ONB B of V , k ∈ W ℓ and α ∈ B −k , r k,α = |T ℓ |P H ℓ δ k,α is a quantum root. The quantum root system of B is QR B = {r k,α |k ∈ W ℓ , α ∈ B −k }.
Then the quantum root space H ℓ,0 is spanned by QR B . When g = sl 2 , G is an ADE Dynkin diagram and n c is the Coxeter number of G. Take Π w to be the adjacency matrix of G, where w is the fundamental weight of sl 2 . Take Π 0 = I. Define Π kw , k ∈ Z by the following recursive relation:
Π kw Π w = Π (k−1)w + Π (k+1)w .
For any eigenvector v of Π w , its eigenvalue is q + q −1 , q = e kπi nc , for some k = 1, 2, . . . , n c − 1. So the eigenvalue of Π kw is q k + q −k . It has periodicity 2n c . So Π kw , k ∈ Z 2nc is a well-defined GUS-rep of R ℓ of sl 2 at level ℓ = n c − 2. Then the inner product of quantum roots in QR B in Equation (7) is identical to the inner product in Equation (1) . So QR B is the root system for G.
For any j ∈ W ℓ , the translation ϑ j : k → k + j on W ℓ induced a translation map on H ℓ , denoted by ϑ j again. More precisely,
Then {ϑ j } j∈W ℓ is a finite abelian group. Theorem 8.13. The set B ℓ = {δ e H ⊗v|e H ∈ T ℓ,0 , v ∈ B(e H )} is a common eigenbasis of {F ϑ j F −1 ⊗I} j∈W ℓ and {I ⊗ Π w } w∈W f in E ℓ .
Proof. By Proposition 8.2, B ℓ is a basis of E ℓ . By Fourier duality, ϑ j F −1 δ e H = e i −j,H F −1 δ e H , ∀j ∈ W ℓ , e H ∈ T ℓ,0 .
So (F ϑ j F −1 ⊗ I)(δ e H ⊗ v) = e i −j,H δ e H ⊗ v.
On the other hand, I ⊗ Π w (δ e H ⊗ v) = χ w (e H )δ e H ⊗ v.
Therefore B ℓ is a common eigenbasis.
By Theorem 8.13, if f is a common eigenvector of the translations, then
for some e H ∈ T ℓ,0 . When g = sl 2 , we obtained the correspondence of Coxeter exponents in ADE Lie theory. The Coxeter exponent k becomes the quantum exponent θ → ε(θ)k, θ ∈ W ∼ = Z 2 .
When g = sl n , we have R = R a . Let v 1 , v 2 , · · · , v n be the weights corresponding to the basis of the standard representation of sl n . Then n k=1 v k = 0. Take
For any e H ∈ T ℓ , take Ξ(e H ) = (p 1 , p 2 , . . . , p n ) := (e i v1,H , e i v2,H , . . . , e i vn,H ). Then Ξ : T ℓ,0 → P P is a bijection. Moreover, for any θ ∈ W ∼ = S n , its action on {v 1 , v 2 , · · · , v n } as a permutation: θ(v i ) = v θ(i) .
Note that r + = v 1 − v n The exponent is given by Φ(e H , θ) = θ(r+),H 2π
, and e 2πi nc Φ(e H ,θ) = e i θ(r+),H = p θ(1) p θ(n)
